Asymptotic behavior of a nonlinear delay difference equation  by Yan, J. & Liu, B.
Pergamon 
Appl. Math. Lett. Vol. 8, No. 6, pp. 1-5, 1995 
Copyright@1995 Elsevier Science Ltd 
Printed in Great Britain. All rights reserved 
0893-9659/95 $9.50 + 0.00 
0893-9659(95)00075-5 
Asymptot ic  Behavior of a 
Nonl inear Delay Difference Equat ion 
J. YAN 
Department of Mathematics, Shanxi University 
Taiyuan, Shanxi 030006, P.R. China 
B. LIU 
Department of Mathematics, Hubei Normal University 
Huangshi, Hubei 435002, P.R. China 
(Received and accepted June 1995) 
Abst rac t - -Th is  paper considers a class of nonlinear difference quations 
A3yn + f(n, Yn, yn-r) = O, n C N(no). 
A necessary and sufficient condition for the existence of a bounded nonoscillatory solution is given. 
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1. INTRODUCTION 
Recently, there has been some activity concerning the oscillatory and asymptotic behavior of the 
solutions of delay difference quations. See, for example, [1-4] and the references cited therein. 
Consider the difference quation 
A3yn + f (n ,  yn,Yn--r) = 0, (1) 
where n E N(no)  = {no, no + 1, . . .  } and A is the forward difference operator defined by Ayn = 
Yn+l - Yn, r is an integer. For easy reference in the sequel, we list the following hypothesis on f ,  
which will be assumed throughout this paper. 
(H1) f (n ,  u, v) : N(no)  × R 2 ~ R is real valued and continuous as a function of u, v E R. 
(H2) For u 7~ 0, uf (n ,  u, v) > O, n E N(no).  
(H3) ]f(n, ul ,v l )[  <_ If(n, u2,v2)l for lull _< [u21, Ivll _< Iv2[, ulu2 > 0 and vlv2 > 0, n E g (no) .  
Our aim in this paper is to establish a necessary and sufficient condition for (1) to have a bounded 
nonoscil latory solution with a special asymptotic behavior. 
By a solution of (1), we mean a sequence {Yn} which is defined for n > no - r and which 
satisfies (1) for n E N(no).  With (1) and with a given "initial point" no _> 0 and "initial 
condition" ano-r, ano- r+l , . . . ,  ano, an0+1, an0+2, (1) has a solution {yn}nC~=no_ r which satisfies 
y j :a j ,  forj-----no--r, no - r+ l , . . . ,no ,  no+l ,no+2.  
The authors thank D.G.M. Anderson for his many valuable suggestions. 
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In the following, we will assume that for a given no and condition (2), delay difference qua- 
tion (1) has a unique solution {Yn}. A solution {Yn} of (1) is said to be oscillatory if the terms Yn 
of the sequence {y~} are not eventually positive or eventually negative. Otherwise, the solution 
is called nonoscillatory. 
2.  MAIN  RESULTS 
First, we will establish the existence of a bounded nonoscillatory solution of (1) by using the 
fixed point theorem of Schauder. 
The space l ~ is the set of real sequences defined on N(no) where any individual sequence is 
bounded with respect to the usual supremum norm. It is well known that  under the supremum 
norm, l °° is a Banach space. A subset S of a Banach space B is relatively compact if every 
sequence in S has a subsequence converging to an element of B. A set S of sequences in l °° 
is said to be uniformly Cauchy if for every e :> 0, there exists an integer N _> no such that  
lYi - Yjl < e whenever i , j  > N for any {Yn} in S. 
The following lemma is proved in [5]. 
LEMMA 1. A bounded, uniformly Cauchy subset S of l ~ is relatively compact. 
THEOREM 2. Assume that there exists a constant c ~ 0 such that 
oo 
k lf(k,c,c)l < o¢; (3) 
k~no 
then (1) has a bounded nonoscillatory solution {y~} satisfying limn-.oo yn -- [c[/2. 
PROOF. Without  loss of generality, suppose that c :> 0. The proof is similar when c < 0. From 
(H2), (H3) and (3), one can find a sufficiently large nl E N(no) such that  
co  
k2f(k, c, c) < c. (4) 
Consider the equation 
c oo (k_n+2) (k_n+l ) f (k ,  yk, 
yn = + 2 (5) 
k=n-1  
for  
yj = aj, j = nl  - r - 1,nl  - r , . . . ,n l  -- 1. (6) 
A straightforward verification shows that a solution of (5) satisfying (6) is also a solution of (1), 
which satisfies a related condition of (6). Now we shall show that  (5) has a bounded nonoscil latory 
solution {y~} by using the fixed point theorem of Schauder. 
Define a subset Y of 1 °° as follows: 
i oo lo o c } Y= y={yn}n=nl C I~<_yn<c,n - -n l ,n l+ l , . . .  . 
It is easy to see that  Y is a bounded, convex, and closed subset of l °°. 
We also define operator F : Y --* Y as follows: 
(Fy)~= ~c + f i  (k -n+2) (k -n+ l) (7) 
k=n-1  
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The mapping F satisfies the conditions of the Schauder fixed point theorem. Namely, 
(i) F maps Y into Y. In fact, if y C Y, then from (4), (7), and (H3), we have that 
c c 1 oo 
<_ (Fy)n < -~ + ~ E k2f(k 'c 'c)  < c. 
k=nl 
(ii) F is continuous. In fact, from (3), let e > 0, and choose n2 E N(no) such that 
1 oo 
-~ ~ (k + 1)(k + 2)f(k,c,c) < ~. (s) 
k=n2 
Let i o~ {Y }i=l be a sequence of elements of Y such that limi-~oo Ily i - y]] = 0. Since Y is 
closed and y E Y, by (8), (HI), (H2), and (H3), we get that for n - 1 > n2, 
I (FV')n -- (FV),~t < ~ (k -- n + 2) (k  -- n + 1) k 
-- 2 I f (  , Vk, Vl--r) -- f (k ,  Vk, Vk-r) l  
k=n-1  
(2<) 
1 
_ - vk, vk -~)  - I (k ,  w ,  vk -~) l  < 2 ~(k  + i ) (k  + 2) l I (k ,  ~ 
k=n 
oo  
<_ ~ (k + l)(k + 2)I(k,c,c) < ~. 
/~=n2 
This implies that 
lim II(Fy ~) - (Fy)l I = O. 
i "---~ oO 
(iii) FY  is precompact. In fact, by Lemma 1, we only need to show that FY  is a uniformly 
Cauchy subset of l c~. 
First, from (3), for any e > 0 there exists n3 E N(n2) such that 
1 oo 
E (k + 1)(k + 2)f(k,c,c) < e. (9) 
]g=n 3 
Let y E Y, and n, m c N(n3); then for n > m, from (9) we have 
I(Fy)~ - (Fu).d < 
(k -n+2) (k -n  
2 + 1) f (k '  Yk, Yk-,') 
k=n-1  
oo 1)](k, vk-r) _ ~ (k -m+2)(~- .~+ 
2 Yk, 
k =rn  - 1 
n-2 (k -m+2)(k -m+l )  
= ~ 2 S(k, yk,yk-r) 
k=m--1  
1 ~(k+ 1) (k+2) f (k ,c ,c )  < e. 
k=m 
(10) 
This means that FY  is uniformly Cauchy. By Lemma 1, FY  is precompact. 
Using the Schauder fixed point theorem, we can conclude there exists y E Y such that y = Fy. 
That is, {y~} is a solution of (5). Thus, it is also a solution of (1), and y is a bounded nonoscil- 
latory solution of (1) satisfying limn-~oo yn = c/2. The proof is complete. 
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THEOREM 3. Assume that 
oo 
k2If(k,c,c)l = oo for all c 7£ O. (11) 
k~no 
Then every bounded solution {Yn} of (1) is either oscillatory or {Yn}, {Ayn}, {A2yn} tend to 
zero as n --~ oo. 
PROOF. Assume that there exists a bounded nonoscillatory or {Yn}. Without loss of generality, 
suppose that  Yn > O, Yn-r > 0 for n C N(nl). Summing (1) from m to n - 1, we have 
n- -1  
A2yn -- A2Ym + E f(k, Yk, Yk-1) = 0 .  (12) 
k=m 
From (1) and (H2), A3yn < 0, for n C N(nl). Thus, A2yn is strictly decreasing and there are 
only two possible cases, A2y,  > 0 or /k2y n < O, n E N(nl). 
Now we discuss two cases. 
(1) The case A2yn > 0 for n E N(nl). 
(a) If Ayn > 0 for n E N(n2), n2 k nl, then Ay ,  >_ Ay,2 > 0. Thus, we can conclude 
that  {y,} is unbounded, which is impossible. 
(b) If Ayn < 0 for n e N(n2), {y~} is decreasing and bounded. So, l im,_~ y~ = cl >_ 0. 
It is easy to see that lim,-~o~ Ay ,  = 0, lim,-~oo A2yn = 0. We prove that  cl = 0. 
Suppose that cl > 0. Then Yn > Cl and Yn-r > Cl for n > n2. From (12), we have 
oo 
k=n 
= - (k  - yk ,  yk - r )  - (k  - + 1) f (k ,  yk ,  yk- ) 
k=n-1  
Summing the inequality from n to oo, we have 
o~ 
-Ayn>- E (k -n+l ) f (k ,  yk,yk_r) 
k=n-1  
= ~ (k -  n + 1) (k -  n)f(k, yk,yk_r) 
2 
k=n 
o(3 
_ 2 f(k, Yk, Yk-r). 
k=n-1  
Summing it again from n to oc, we get 
yn> E (k -n+2) (k -n+l )  
- 2 f(k, yk,yk-r). 
k=n-1  
Thus, 
that  is, 
• (k-n÷2)(k-n+l) f (k ,  yk,yk_r)<oo; 
k=n-1  
OG 
E k2f(k 'Yk'Yk-r)  < a<~. 
k=n-1  
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Hence, 
oo 
k2f(k, cl,cl) < 
k=n-1  
which contradicts (11). Therefore, cl = 0. 
(2) The case A2yn < 0 for n ~ N(n l ) .  It is easy to see that  Yn < 0 for sufficiently large n. 
This contradicts the assumption Yn > 0. The proof of Theorem 3 is complete. 
From Theorem 2 and Theorem 3, we can prove the following result. 
COROLLARY 4. The condition (3) is a necessary and sut~cient condition for existence of a 
bounded nonoscillatory solution {Yn} of (1) satisfying limn--,oo Yn = d ~ O. 
EXAMPLE. Consider the equation 
6(n - 1) 3 3 0, n E N(n0),  (13) 
A3yn + n4(n + T(n~--~)(n + 3) yn-x = 
where no E {2, 3, 4 . . . .  } and 
6(n - 1) 3 3 
f(n,  yn,Yn-1) = n4(n + ~)(n-+-~(n + 3) yn-1 
satisfies condit ions (3). In fact, for any constant c ~ 0, 
~ k2(k - 1) 3 
E k2]f(n'c'c)[ =6 k4(k+-~_-~(k+3)  
k=no k=no 
1 
Icl 3 < 61cl 3 < 
k=no 
Therefore (13) has a bounded nonosci l latory solution which tends to a nonzero l imit as n --* ~o. 
For instance, Yn = 1 + 1/n is a nonosci l latory solution of (13) with limn--.oo Yn = 1. 
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